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Quantitative imaging through a spectrograph. 
1. Principles and theory
Rene Tolboom, Nico Dam, Hans ter Meulen, Joris Mooij, and Hans Maassen
Laser-based optical diagnostics, such as planar laser-induced fluorescence and, especially, Raman im­
aging, often require selective spectral filtering. We advocate the use of an imaging spectrograph with a 
broad entrance slit as a spectral filter for two-dimensional imaging. A spectrograph in this mode of 
operation produces output that is a convolution of the spatial and spectral information that is present in 
the incident light. We describe an analytical deconvolution procedure, based on Bayesian statistics, that 
retrieves the spatial information while it avoids excessive noise blowup. The method permits direct 
imaging through a spectrograph, even under broadband illumination. We introduce the formalism and 
discuss the underlying assumptions. The performance of the procedure is demonstrated on an artificial 
but pathological example. In a companion paper [Appl. Opt. 43, 5682-5690 (2004)] the method is 
applied to the practical case of fuel equivalence ratio Raman imaging in a combustible methane-air 
mixture. © 2004 Optical Society of America 
OCIS codes: 000.2170, 100.1830, 100.3020.
1. Introduction
O ptica l tech n iq u es  find  in c reas in g ly  m ore ap p lica­
tio n s in  (reactive  or nonreactive) g as  flow 
d iag n o stic s .1-3 T h e re  is  good rea so n  for th a t. 
L ig h t-sc a tte rin g  tech n iq u es  a re  as n e a r  a s  one can 
g e t to  n o n in tru s iv e  d iagnostics. T h e re  a re  w idely  
av a ilab le  (laser) lig h t sources of u n su rp a s se d  sp ec tra l 
b rig h tn e ss  th a t  p e rm it specific de tec tion  of selected  
chem ical species (of g re a t  im p o rtan ce  especia lly  in  
com bustion), a n d  a  la rg e  v a r ie ty  of ex p erim en ta l 
te ch n iq u es  h a s  been  developed for m an y  specific p u r ­
poses. In  th is  p a p e r  w e focus on tw o-d im ensional 
(2-D) op tical im ag in g  of d en sity  d is tr ib u tio n s  of sp e ­
cific chem ical species. T h e re  a re  tw o m eth o d s of 
choice for th is  p u rp o se ,12 i.e., p la n a r  lase r-in d u ced  
fluorescence a n d  p la n a r  R am an  sca tte rin g . B oth 
com bine a  th in  (quasi-m onochrom atic) sh e e t o f lig h t 
derived  from  a  pow erfu l la se r  sy stem  w ith  ( in te n s i­
fied) CCD cam eras  for de tec tion  of th e  sc a tte re d  light. 
B oth  also u su a lly  re q u ire  good sp e c tra l f ilte r in g  of th e
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sc a tte re d  lig h t for su p p ress io n  of u n d e s ire d  c o n trib u ­
tio n s to  th e  m e a su re d  lig h t in ten s ity . In  th is  p ap e r 
w e d iscuss th e  u se  of a n  im ag in g  g ra tin g  sp ec tro ­
g ra p h  w ith  a  CCD ca m e ra  on th e  ex it p o rt [an  optical 
m u ltic h a n n e l an a ly z e r (OMA)] for sp ec tra lly  selec­
tive  2-D im ag ing . A lthough  w e h av e  th e  specific 
pu rp o se  of R a m a n  im ag in g  in  m in d , th e  tech n iq u e  is 
n o t re s tr ic te d  to  th a t  a n d  can  be u se d  for sp ec tra lly  
selective im ag in g  in  g en era l. T he u se  of a  sp ec tro ­
g ra p h  h a s  tw o m a in  a d v a n ta g e s  over th e  u se  of spec­
t r a l  b a n d p a ss  filters: I ts  sp e c tra l se lec tiv ity  is 
g re a te r , a n d  i t  p rov ides a  sp ec tru m . T h u s  u n d e s ire d  
sp ec tra l co n trib u tio n s w ill be su p p re ssed  m ore  effec­
tive ly , a n d , even if  un ex p ec ted  sp ec tra l in te rfe ren ces  
occur, a  sp ec tro g rap h  w ill a t  le a s t show  th e m , 
w h e re a s  th e y  a re  like ly  to  p a ss  u n n o ticed  w h en  b a n d ­
p a ss  filte rs  a re  used.
A n id ea l im ag in g  g ra tin g  sp ec tro g rap h  p ro jec ts  a  
fa ith fu l im age of its  e n tra n c e  s lit onto its  ex it p lane. 
W here  exactly  on th e  ex it p lan e  th is  im age en d s up  
also dep en d s on th e  w av e len g th  of th e  in c id en t light, 
a s  follows d irec tly  from  th e  fa m ilia r  g ra tin g  equa- 
tio n 4,5 (see Fig. 1)
d (s in  a  ±  s in  (3) =  mX, (1)
w h e re  m  is  th e  o rd e r  of d iffrac tio n  a n d  d  is  th e  
groove c e n te r  d is ta n c e . B o th  th e  a n g le s  of in c i­
dence  (a) a n d  of re flec tio n  (3) a re  defined  w ith  r e ­
sp e c t to  th e  g ra t in g  n o rm a l (d a s h e d -d o t te d  lines). 
T h e  + a p p lie s  w h e n  a  a n d  3 a re  on th e  sam e  s id e  of
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Fig. 1. Schematic representation of the diffraction of light by a 
grating.
th e  g ra t in g  n o rm a l; th e  —, w h e n  th e y  a re  on oppo­
s ite  s id e s  (a s  in  th e  ex am p le  dep ic ted ). In  m o st 
cases  a  sp e c tro g ra p h  is  u se d  w ith  a  n a rro w  e n ­
tra n c e  s li t  to  reco rd  lin e  (o n e-d im en sio n a l) sp e c tra , 
e.g ., R a m a n  s p e c tra  in  co m b u stio n  sc ien ce16-9 an d  
p o in t (ze ro -d im en sio n al) s p e c tra  fo r in c re a se d  
s ig n a l-to -n o ise  r a t io s .1011 In  th e  fo rm e r case  (one 
d im en sio n ), one of th e  ax es  t h a t  s p a n  th e  e x it p lan e  
c a rr ie s  a  sp e c tra l  sca le  a n d  th e  o th e r  one s ti l l  c a r ­
r ie s  p u re ly  s p a tia l  in fo rm a tio n  (a lo n g  th e  h e ig h t  of 
th e  e n tra n c e  slit). O ne w ay  to  v isu a liz e  p la n a r  
(2-D) p a t te r n s  w ith  o n e -d im en sio n a l im a g in g  is  to 
p e rfo rm  co n secu tiv e  lin e  m e a s u re m e n ts  for m a n y  
lo n g itu d in a l p o sitio n s. R ecen tly  S ijts e m a  e t  a l .12 
in tro d u c e d  d ire c t 2-D im a g in g  th ro u g h  a  sp e c tro ­
g ra p h  a s  a  n o n in tru s iv e  too l fo r q u a n t i ta t iv e ,  p la ­
n a r  g a s  flow v isu a liz a tio n . T h is  te c h n iq u e , 
re fe r re d  to  h e n c e fo rth  a s  O M A  im ag in g , is  th e  focus 
of th e  p re s e n t  p a p e r . I t  is  show n  t h a t  OM A im a g ­
ing , o rig in a lly  in tro d u c e d  for u se  w ith  q u asi- 
m o n o ch ro m atic  l ig h t ,12 can  be u se d  for ex te n d e d  
sp e c tra l  s t ru c tu re s  a s  w e ll.13
B elow , w e c o n c e n tra te  on th e o re tic a l is su e s  r e ­
la te d  to  sp e c tra lly  se lec tiv e  2-D im ag in g , u s in g  a  
s e tu p  t h a t  in c o rp o ra te s  a n  im a g in g  sp e c tro g ra p h  
w ith  a  d iffrac tio n  g ra t in g  o p e ra te d  in  f irs t  o rder. 
T h e  g ra t in g  effec tively  p ro d u ces  a n  o u tp u t  im ag e  on 
th e  sp e c tro g ra p h ’s e x it p la n e  in  w h ich  th e  sp e c tra l 
a n d  s p a tia l  in fo rm a tio n  t h a t  is  p re s e n t  in  th e  in c i­
d e n t  l ig h t is sc ram b led . I t  is  sh o w n  th a t ,  in  sp ite  
of d iffrac tio n , th e  o rig in a l (sp a tia l)  im ag e  can  n e v ­
e r th e le s s  be re c o n s tru c te d  for m a n y  p ra c tic a l s i tu ­
a tio n s . In  S ec tio n  2 w e d ea l w ith  th e  fo rm a lism  
t h a t  d e sc rib es  th e  sc ra m b lin g  of th e  s p a tia l  a n d  
sp e c tra l  in fo rm a tio n  by  th e  im a g in g  sp e c tro g ra p h . 
U n d e r  n o t- to o -s tr in g e n t re s tr ic t io n s  th is  s c ra m ­
b lin g  is  show n  to ta k e  th e  fo rm  of a  convo lu tion . 
S ec tio n  3  d esc rib es  th e  s tra ig h tfo rw a rd  a n a ly tic a l 
d eco nvo lu tion  th a t ,  g iven  th e  sp e c tra l  com position  
of th e  in p u t, sh o u ld  in  p r in c ip le  r e tu r n  th e  s p a tia l  
in fo rm a tio n . T h is  schem e, h o w ev er, is  show n  to 
su ffe r  in  p ra c tic e  from  excessive  no ise  b low up. 
T h e re fo re  a  l in e a r  B a y e s ia n  d eco n vo lu tion  f ilte r  
w a s  developed . T h is  filte r , w h ich  can  s ti l l  be d e ­
sc rib ed  a n a ly tic a lly , is  p re s e n te d  in  S u b sec tio n  3 .B
to g e th e r  w ith  a  d iscu ss io n  of i ts  p e rfo rm a n c e  a n d  of 
th e  w ay  in  w h ich  i t  is  tu n e d  to  a  p a r t ic u la r  a p p li­
ca tion . T h e  p ro c e d u re s  a re  i l lu s tr a te d  in  th is  p a ­
p e r  by m e a n s  of a c tu a l re c o rd in g s  of a  sq u a re  g rid  
t h a t  is  i l lu m in a te d  by  b ich ro m a tic  lig h t. T h is  g rid  
p ro v id es  a  fa ir ly  p a th o lo g ica l ex am p le  of th e  a p p li­
ca tio n  of th is  a lg o r ith m , b ecau se  th e  o rig in a l object 
c o n ta in s  s h a rp  c o n tra s t . A ny a lg o rith m  t h a t  p ro ­
v id es  sa tis fa c to ry  re s u l ts  in  th is  case  m a y  th e re fo re  
be ex p ec ted  to  p e rfo rm  w ell in  le ss  d e m a n d in g  cases  
also.
T h e  m a th e m a tic s  in  th is  p a p e r  is n o t exhaustive ; 
m ore m a th e m a tic a l d e ta il a n d  th e  p ro p e rtie s  of th e  
B ay es ian  filte r can  be found  in  th e  th e s is  o f Tol- 
boom .14 A  com panion  p a p e r15 (re fe rred  h e re a f te r  to 
a s  p a p e r  T2) is  devoted  to  th e  p rac tica l ap p lica tion  of 
th e  g e n e ra l OM A im ag in g  re su lts  derived  h e re  to  2-D 
R am an  im ag in g  for fuel equivalence  ra tio  m app ing . 
I t  tu rn s  o u t th a t  2-D OM A im ag in g  ta k e s  fu ll a d v a n ­
tag e  of a n  im ag in g  sp ec tro g rap h  a n d  prov ides a  te c h ­
n iq u e  th a t  is  tim e  a n d  cost efficient for s im u ltan eo u s  
m a p p in g  of m olecule-specific 2-D d en sity  d is tr ib u ­
tions.
2. Convolution by a Spectrograph
T h e  im ag es  t h a t  a re  th e  su b jec t o f th is  p a p e r  a re  
fo rm ed  th ro u g h  a  sp e c tro g ra p h  v ia  a  re flec tio n  g r a t ­
in g  o p e ra te d  in  f irs t  o rd er. T h e  re flec tio n  g ra t in g  
d iffra c ts  th e  in c id e n t l ig h t  in to  i ts  c o n s ti tu e n t  
w a v e le n g th  co m p o n en ts  in  a  d irec tio n  p e rp e n d ic u ­
la r  to  th e  grooves, a s  d e sc rib ed  by Eq. (1). I f  th e  
sp e c tro g ra p h  is  o p e ra te d  w ith  a  n a rro w  e n tra n c e  
s l i t  (a s  w o u ld  n o rm a lly  be th e  case  for spectroscop ic  
m e a su re m e n ts ) , an g le  a  is  w ell defined  a n d  th e  
l ig h t in te n s i ty  on a n y  p o sitio n  of th e  sp e c tro g ra p h  
e x it p la n e  is, v ia  a n g le  3 a n d  for Eq. (1), d irec tly  
r e la te d  to  a  specific w a v e le n g th  X. H ow ever, i f  th e  
e n tra n c e  s l i t  is  n o t n a rro w , a n g le  a  is  n o t w ell d e ­
fined , a n d  th is  s i tu a tio n  m a y  give r is e  to  a m b ig u ity  
in  th e  l ig h t- in te n s i ty  d is tr ib u tio n  in  th e  e x it p lan e . 
In  th is  b ro a d -s lit  case , one d im en s io n  o f th e  im ag e  
(say , x )  in  th e  ex it p la n e  c o n ta in s  b o th  s p a tia l  an d  
sp e c tra l  in fo rm a tio n . T h e  o th e r  d im en sio n  (y ; p a r ­
a lle l to  th e  grooves of th e  g ra t in g  a n d  to  th e  h e ig h t  
of th e  e n tra n c e  slit) c o n ta in s  s p a tia l  in fo rm a tio n  
only  a n d  is  o m itte d  from  th e  fo llow ing  d iscussion . 
F ig u re  2 d ep ic ts  a  cross sec tio n  of th e  sp e c tro g ra p h , 
sh o w in g  th e  e n tra n c e  s l i t  in  th e  focal p la n e  of a  
c o llim a tin g  len s , a  re flec tiv e  g ra tin g , a n d  th e  ex it 
p o r t  in  th e  focal p la n e  o f a  second  len s . (In  com ­
m e rc ia l s p e c tro g ra p h s 16 m irro rs  a re  u se d  in s te a d  of 
le n se s , b u t  th is  does n o t m a k e  a  d iffe rence  to  th e  
fo rm a lism  p re se n te d .)  T h e  in p u t  im ag e  on th e  e n ­
tra n c e  s li t  is  a  r e a l  im ag e , fo rm ed  by a n  e x te rn a l 
le n s  (n o t show n  in  Fig. 2), of som e (p la n a r)  l ig h t 
source. F o r c la rity , F ig. 2 i l lu s t r a te s  b ich ro m a tic  
l ig h t, in  w h ich  th e  tw o w a v e le n g th s  a re  chosen  to  be 
su ffic ien tly  d is t in c t  to  p re v e n t  th e  tw o r e s u l ta n t  
im ag es  from  o v erlap p in g . In  p ra c tic e , how ever, 
th e  in c id e n t l ig h t  n e e d  n o t be b ich ro m atic ; i t  m a y  be 
p o ly ch ro m atic , r e s u lt in g  in  o v e rla p p in g  im ag es.
In  p rinc ip le , a ll ra y s  w ith  a  g iven w av e len g th  X
5670 APPLIED OPTICS /  Vol. 43, No. 30 /  20 October 2004
Fig. 2. Cross section of a spectrograph including a first-order ray 
trace for bichromatic light. The heights of the entrance slit and 
the exit port as well as the grooves of the grating are perpendicular 
to the plane of the picture. Also shown are coordinates xin and xout 
that appear in the formalism of Section 2.
o rig in a tin g  from  a  specific p o in t x in in  th e  en tran ce  
s lit p lan e  w ill be im aged  onto exactly  one p o in t xout in 
th e  ex it p lan e , th u s  tra n s fo rm in g  sp ec tra l in fo rm a­
tio n  in to  sp a tia l in fo rm ation . C onversely , w av e­
len g th  X th a t  can  be asso c ia ted  w ith  an y  position  xout 
in  th e  ex it p lan e  also dep en d s on source position  x in. 
F o r a n  ex tended , po lychrom atic  source, th e re fo re , th e  
re la tio n  b e tw een  X a n d  xout is  am biguous. (This, in  
fact, is  w h a t u su a lly  is loosely re fe rred  to  a s  loss of 
sp ec tra l re so lu tio n  if  th e  e n tra n c e  s lit  of a  sp ec tro ­
g ra p h  is  b roadened .) In  g en e ra l te rm s , th e  re la tio n  
b e tw een  m e a su re d  lig h t- in te n s ity  d is tr ib u tio n  T  an d  
in c id en t in te n s ity  d is tr ib u tio n  S in can  be w r itte n  a s 17
T ( x 0ut) ^(X , xin; xout)Sin(X, xin)dXdxi
X * xin^ slit
(2)
w h ere  x in,out a re  coo rd inates in  th e  sp ec tro g rap h  e n ­
tra n c e  a n d  ex it p lan es , respective ly , T  is  th e  (spatia l) 
in te n s ity  d is tr ib u tio n  in  th e  ex it p lan e , S in is  th e  
sp ec tra l a n d  sp a tia l in te n s ity  d is tr ib u tio n  in  th e  en ­
tra n c e  p lan e , a n d  ^  is  a  tra n s fe r  function . T h e  in ­
te g ra tio n s  ru n  over th e  w hole sp ec tru m  and , 
accord ing  to  th e  re a so n in g  above, over th e  w hole 
ra n g e  of xin a lo n g  th e  w id th  of th e  e n tra n c e  slit. As 
th e re  is  in p u t only a t  th e  e n tra n c e  slit, th e  in te g ra ­
tio n  over space can  be ex ten d ed  from  —<» to + “  w ith ­
ou t affecting  th e  r e s u lt .18
F or th e  p re se n t purpose, perfect im ag ing  w ill be a s ­
sum ed, an d  only g ra tin g  efficiency ^(X) is accounted 
for. U n d e r th is  assu m p tio n  th e  tra n s fe r  function 
links X an d  x in to x out th ro u g h  th e  following equation:
in  w hich th e  function f (X , xin) depends on g ra tin g  dif­
fraction  an d  im ag ing  optics. I t  is in te rp re te d  as th e  
function  th a t  describes th e  place on th e  exit p lane 
w here  a  m onochrom atic p o in t source, th a t  h a s  w ave­
len g th  X an d  is located  a t  x in w ould be im aged. T he 
D irac d e lta  function  allow s only th e  signals of those 
com binations of X an d  x in for w hich a  p o in t x out is 
illu m in a ted  to con tribu te  to  th e  signal a t  th a t  po in t
xout.
U n ra v e lin g  of th e  sp ec tra l a n d  sp a tia l in fo rm ation  
co n ta in ed  in  th e  in p u t p a t te rn  S in(X, x in) re q u ire s  
th a t  S in can  be factorized , th a t  is, t h a t
S i n ^  x in) =  S X(X) X S ( x in) . (4)
T h is  re s tr ic tio n , by  th e  w ay , is  n o t p e c u lia r  to  OM A 
im a g in g  b u t  a p p lie s  to  sp e c tra lly  se lec tiv e  im a g in g  
in  g e n e ra l. I t  l im its  th e  in te rp re ta t io n  of OM A 
g ra p h s  ( th a t  is , p h o to g ra p h s  ta k e n  th ro u g h  an  
OMA) to  a p p lic a tio n s  in  w h ich  e i th e r  th e  l ig h t 
sou rce  h a s  a  u n ifo rm  sp e c tra l  com position  over th e  
w id th  of th e  e n tra n c e  s l i t  o r th e  c o n tr ib u tio n s  from  
so u rces  w ith  d iffe re n t s p a tia l  a n d  sp e c tra l  d is t r ib u ­
t io n s  do n o t o v erlap  on th e  OM A g ra p h  (see below , 
S u b sec tio n  3.A). In  p a p e r  T2 w e f u r th e r  d iscu ss  
w h e n  a n d  w h e th e r  th is  fa c to r iz a tio n  is ju s tif ie d  for 
m u ltisp e c ie s  R a m a n  s c a tte re d  lig h t. F o r th e  m o­
m e n t i t  suffices to  a ssu m e  t h a t  fa c to r iz a tio n  h o ld s  
for a  s in g le  l ig h t  sou rce  t h a t  h a s  a  sp e c tra l  profile  
S X(X) a n d  a  s p a tia l  in te n s i ty  d is tr ib u tio n  S (x in). In  
th is  case  th e  fa c to r iz a tio n  le a d s  to
T(xout) =  I I ^(X)8[xout -  f  (X, xin)]
X xin
X S X(X )S(x in)dX dxin
^ [f(x in ; xout)]Sx[f ( x in; x out)] S ( x in)d x i
(5)
w here  f  (xin; xout) is th e  inverse  of f(X, xin), y ie ld ing  X 
given xin an d  xout. N ote th a t  f  is  a  function of one 
variab le  (xin) only, because xout is a  p a ra m e te r  d icta ted  
by th e  p o in t u n d e r investig a tio n .19 In  p ractice, a n ­
gles a  an d  3 w ill v a ry  only over sm all ranges. L in ­
eariza tion  of th e  sines in  th e  g ra tin g  equation , Eq. (1) 
w ith  a  m inus, th e n  provides th e  re la tio n  am ong  th e  
th re e  coordinates (subscrip ts 0  denote reference posi­
tions):
M s( x in,0 x in) ( x out,0 x out) £X. (6)
^(X , xin; xout) =  ^(X)8[xout -  f  (X, xin)], (3)
T h is  re la tio n  im p lies tru e  im ag in g  (m agnification  M s , 
d e te rm in ed  by th e  spec tro g rap h ) a n d  lin e a r  d iffrac­
tio n  (g ra tin g  c o n s ta n t £, c h a ra c te riz in g  th e  gra ting). 
B oth  M s a n d  £ a re  d im ension less q u a n titie s . The 
D irac d e lta  function  in  Eq. (3) se lec ts  f(X, xin) =  xout
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Fig. 3. Three OMA graphs recorded with different widths of the entrance slit of the spectrograph, as indicated in the photographs. The 
horizontal axes contain both spectral and spatial information, and the vertical axes are purely spatial. (a) Imaged object, a 5.0 mm X 5.0 
mm grid printed on white paper with a linewidth of 0.5 mm; (b) spectrum of the light source [a Hg(Ar) calibration lamp; X (in nanometers) 
indicated], recorded by reflection off white paper; (c), (d) OMA graphs of the object shown in (a) under illumination by the same source as 
in (b). The traces on top of the images are single-strip cross sections of the images at the positions of the arrows, cutting the lower circles 
of the “68” on the grid. All images are scaled individually. The curvature of the images and the horizontal extrusion of the grid are 
artifacts of the spectrograph.
from  Eq. (6). F o r th is  s im ple  re la tio n  th e  in v erse  
func tion  is c as t explic itly  as
>/ x x ( x  out x  out,0) M s ( x  in x  in,0) /r7X
T (Xin; X0ut) =  X = --------------------- ---------------------- . (7)
S u b s titu tio n  of th is  specific in v e rse  func tion  re su lts  
in  T( xout) of th e  form
( X out X out,0) M s( X in X in,o)
( X out X out,0) M s ( X in X in,0)
x  S  ( X in) dX  in
= [(n x  S  x) * S  ]( x out).
(8a)
(8b)
T h is outcom e re p re se n ts  a  convolution  (*) of a  spec­
t r a l  d is tr ib u tio n  ( th a t is  sh ifted  fo rw ard  an d  com ­
p re sse d  in  its  a rg u m en t) w ith  a  sp a tia l d is tr ib u tio n .
As i t  is sp a tia l p a t te rn  S  t h a t  is of in te re s t , i t  n eeds 
to  be reco n s tru c ted  from  im age  T  th ro u g h  a  deconvo­
lu tio n  p rocedure , once th e  sp ec tra l dependency  (^ X 
S X) is know n. O ne can  o b ta in  th a t  dependency  by 
reco rd in g  T( x out), u s in g  a  n a rro w  e n tra n c e  s lit (lo­
ca ted  a t  re fe ren ce  position  x in,0 an d  illu m in a te d  w ith  
in te n s ity  S 0), in  w hich  case
S  S( X in) S  0S( X in X in,0) , (9)
w h ere  th e  su b sc rip t 8 in d ica te s  th e  n a rro w  en tra n c e  
slit. F o r th is  in p u t th e  convolution en d s u p  as
T  8( x  out) =  n
( X out X out,0)
S  x
( X out X out,0)
_ C _ _ c _
S  0,
(10)
w hich , of course, is ju s t  a  sp ec tru m . As i t  is  u sed  to 
deconvolve a n  OM A g ra p h  for th e  sp ec tra l d is tr ib u ­
tion , w e re fe r  to  i t  as  a  sp ec tra l re fe rence  function , 
R (x out), in  w h a t follows. To m ak e  th e  connection to 
E qs. (8), w e re w rite  Eq. (10) as
n
( X out X out,0) M s( X in X in,0)
( X out X out,0) M s( X in X in,0)
R  [ Xout M s ( Xil
c
X in,0) ]
S 0
(11)
B ack su b s titu tio n  of th is  exp ression  for sp ec tra l re f­
e rence  func tion  R  tu rn s  th e  convolution, E qs. (8), in to  
its  fina l form :
T  ( X out) I R  [ X out M s ( X in X in,0)]
S  ( X in)
S  0
d X in.
(12)
N ote th a t  g ra tin g  efficiency ^(X) is canceled , because  
i t  is p re se n t in  b o th  sp ec tra l re fe ren ce  im age R  an d  
convolved im age  S . N e ith e r  does g ra tin g  c o n s ta n t - 
a p p e a r  explicitly .
A n ex am p le  o f th e  convolv ing  ac tio n  of th e  spec­
tro g ra p h  is  p re s e n te d  in  F ig . 3, w h e re  th r e e  OM A  
g ra p h s  of a  sq u a re  g rid  u n d e r  b ic h ro m a tic  i l lu m i­
n a tio n  a re  show n  fo r th re e  e n tra n c e  s li t  w id th s . 
L ik e  a ll su b se q u e n t O M A  g ra p h s  in  th is  sec tion , 
th e y  w ere  ta k e n  th ro u g h  a n  im a g in g  sp e c tro g ra p h  
(A cton R e se a rc h  C o rp o ra tio n  S p e c tra P ro 3 0 0 i f / 4  
w ith  a  2 4 0 0 -g ro o v es /m m  g ra tin g ) . T h e  s lig h t c u r ­
v a tu re  of th e  O M A  g ra p h s  is  a n  im a g in g  a r t if a c t  o f 
th e  sp e c tro g ra p h ; i t  w ill be seen  below  th a t  th e  
deco n v o lu tio n  a lg o rith m  can  a u to m a tic a lly  co rrec t
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for it. A lso, th e  m ag n ifica tio n  of th e  sp e c tro g ra p h  
is  14% la rg e r  a lo n g  th e  X d ire c tio n  th a n  a lo n g  th e  y  
d irec tio n , w h ich  c a u se s  th e  sq u a re  g r id  to  look re c t­
a n g u la r ;  th is  an o m a ly  n o t b een  co rrec ted  fo r in  th e  
ex am p le s  p re s e n te d  h e re  (b u t i t  w a s  co rrec ted  for in  
com pan ion  p a p e r  T2). A n in te n s if ie d  CCD c a m e ra  
(P rin c e to n  I n s tru m e n ts  IC C D -512-T : 512 X 512 
pixels; 0 2 5 -m m  in te n s if ie r ; 16 -b it d y n am ic  ran g e) 
a t  th e  e x it p o r t  of th e  sp e c tro g ra p h  reco rd ed  th e  
OM A g ra p h s  c o rre sp o n d in g  to  reg io n s  im ag ed  by a 
c a m e ra  ob jective (N ikon  U V -N ikkor, 105 m m , f /4 .5 )  
on th e  e n tra n c e  s l i t  o f th e  sp e c tro g ra p h . In  th e  
p h o to g ra p h s  of Fig. 3, s l i t  w id th  d s is  in c re a se d  from  
40 ^ m  [Fig. 3(b)] to  i ts  m a x im u m  v a lu e  of 3 .10  m m  
[Fig. 3(d)]. T h e  d s =  40 ^ m  OM A g ra p h  is ta k e n  as 
th e  in f in ite s im a lly  n a rro w  s l i t  m e a s u re m e n t of th e  
sp e c tra l  re fe re n ce  fu n c tio n  fo r deco n v o lu tio n  p u r ­
poses. I t  c o n ta in s  tw o lin e s  of th e  m e rc u ry  spec- 
t ru m .20 F u r th e r  d ec rease  of th e  e n tra n c e  s lit  
w id th  d id  n o t r e s u l t  in  a  n a r ro w e r  lin e  pro file  b u t  
only  d e c re a sed  th e  in te n s i ty  levels . W h en  th e  e n ­
tra n c e  s l i t  is  b ro a d e n e d , th e  s p a tia l  im ag es  p ro ­
du ced  by b o th  lin e s  b ro a d e n  acco rd in g ly  [F ig. 3(c)] 
a n d  e v e n tu a lly  o v erlap  [F ig. 3(d)]. O n to p  of every  
OM A g ra p h  th e  in te n s i ty  a lo n g  a  s in g le  s tr ip  is 
p lo tte d  a s  a  h o r iz o n ta l c ross sec tio n  (fixed y ) a t  th e  
h e ig h t  o f th e  w h ite  a rro w s  in  th e  g ra p h s .
T h e  n o tio n  o f re c o rd in g  a  som ehow  d is to r te d  v e r ­
sion  of th e  o rig in a l in p u t  im ag e  is  n o t u n fa m ilia r . 
In  g e n e ra l im a g in g  e x p e rim e n ts , for ex am p le , a r t i ­
fa c ts  a re  in tro d u c e d  by a b e r ra t io n s  o f th e  o p tica l 
d e tec tio n  sy s te m  a n d  i ts  l im ite d  re so lu tio n . In  
im a g e -re s to ra tio n  l i t e r a tu r e 21-23 su ch  a r t if a c ts  a re  
o ften  d esc rib ed  in  te rm s  o f a  p o in t-sp re a d  fu n c tio n  
(p s f), w h ich  d esc rib e s  how  a  p o in t sou rce  is  m a p p ed  
onto  th e  im ag e  p la n e  by  a  convo lu tion  p ro ced u re  
t h a t  is  s im ila r  to  th e  one p re s e n te d  h e re . A l­
th o u g h  R  is  n o t ex ac tly  a  psf, i t  can  be th o u g h t of as 
a c tin g  a s  one by  lin k in g  th e  in p u t  im ag e  to  th e  
o u tp u t. N o te , h o w ev er, t h a t  R  is  n o t s p a tia lly  in ­
v a r ia n t .
3. Deconvolution of Optical Multichannel Analyzer 
Graphs
T he m a in  re s u lt  of Section  2 is a n  an a ly tic a l ex p res­
sion, Eq. (12), for th e  in te n s ity  d is tr ib u tio n  in  th e  ex it 
p lan e  of a  sp ec tro g rap h  a s  a  convolution of 
th e  sp a tia l a n d  sp ec tra l in te n s ity  d is tr ib u tio n s  inc i­
d e n t onto th e  e n tra n c e  slit. In  p rac tice , one is  often 
in te re s te d  in  ju s t  th e  sp a tia l in te n s ity  d is trib u tio n . 
In  th is  section  w e focus on th e  deconvolution  of th e  
sp ec tro g rap h  o u tp u t w ith  th e  sp ec tra l d is trib u tio n , 
w hich  shou ld  provide th e  d es ired  sp a tia l in p u t  in te n ­
sity  d is trib u tio n . Special a tte n tio n  is p a id  to  th e  
role of noise accu m u la ted  on th e  sp ec tro g rap h  o u tp u t 
in  th e  deconvolution  procedure. F irs t, a  s tra ig h tfo r­
w a rd  deconvolution a lg o rith m  is  d iscussed  a n d  ev a l­
u a te d , followed by a  m o re -so p h is tica ted  ap p ro ach  
th a t  y ie ld s m uch  b e tte r  re su lts .
A. Analytical Formulation
T he g e n e ra l fo rm u la tio n  of th e  convolution  as given 
in  Eq. (12) form s th e  s ta r t in g  p o in t for th e  deconvo­
lu tio n  p rocedure  a n d  is h e re  re s ta te d  as
T(Xout) I R [X out M s(x in x in,0)] G(Xin)dXin
(13)
w h ere  n o rm alized  p a t te rn  S / S 0 is rep laced  by G  for 
n o ta tio n a l convenience a n d  a  no ise  te rm  X  is  added. 
T he im p o rtan ce  of th is  e x tra  co n trib u tio n  to th e  for­
m alism  w ill becom e c lear below. T he reco n stru c tio n  
of o rig inal sp a tia l d is tr ib u tio n  S  re q u ire s  a  deconvo­
lu tio n  of convolved im age T  (b road  e n tra n c e  s lit  m e a ­
su rem en t) w ith  re sp ec t to  sp e c tra l dependency  R  
(narrow  s lit  m easu rem en t). T h is  in v e rse  prob lem  
can  be solved conven ien tly  by F o u rie r  tra n s fo rm a ­
tion . T h e  F o u rie r  tra n s fo rm  (FT) a n d  its  in v erse  a re  
defined  by
F T [F (x )] =  F (k ) = f I F (x )e x p ( - ik x )d x , (14a)
(14b)
d f 1
F T -1[F \k )]  =  F (x )  =  —  | F (k )ex p (ik x )d k , 
2 ^
respectively . A pplication  of th e  F o u rie r  tra n sfo rm  
to th e  convolution, Eq. (13), y ields
T (k) =  R  (k )exp (iM sk x in,0)G  ( M sk )  +  (k) (15)
w h en  one ta k e s  due care  of m agn ifica tion  M s  an d  
sh if t xin 0.14 T he convolution  in  d irec t space th u s  
becom es a  re g u la r  p ro d u c t in  rec ip rocal (k ) space, for 
w hich  th e  com ponen ts h av e  decoupled.
O nce th e  F o u rie r  com ponen ts T (k) a n d  R (k) have  
been  assessed , th e  F o u rie r  com ponen ts of th e  orig inal 
im age a t  th e  e n tra n c e  s lit can  fo rm ally  be o b ta ined  
a n a ly tica lly  by so lu tion  of Eq. (15) for G :
G (M sk)
T (k) -  X (k)
R  (k )exp (iM sk x in,0) ’
(16)
a n d  a fte r  a n  in v erse  F T  th e  e n tra n c e  s lit im age in  
d irec t space, G (x in), re su lts .
In  p ra c tic a l OM A im ag in g , th e  s ig n a l a t  th e  ex it 
p la n e  is  reco rd ed  by a  CCD cam e ra , re q u ir in g  a  
re fo rm u la tio n  (d isc re tiz a tio n ) of th e  a n a ly tic a l 
p ro b lem . D e ta ils  of th is  p ro ced u re  a re  g iven  in  
A ppen d ix  A.
F ig u re  4 d e m o n s tra te s  th e  effect of th e  an a ly tica l 
deconvolution p rocedu re  [A ppendix A, Eq. (A6)] to 
th e  d a ta  of Fig. 3. In  th is  m e a su re m e n t th e re  w as 
noise in  bo th  th e  sp e c tra l re fe rence  s igna l [Fig. 3(b)] 
a n d  th e  convolved d is tr ib u tio n  [Fig. 3(d)]. T he 
s tra ig h tfo rw a rd  deconvolution  re s u lt  is ex trem ely  
noisy  [Fig. 4(a)] a n d  co n ta in s  v ir tu a lly  no usefu l 
q u a n tita tiv e  inform ation , a s  can  be seen clearly  from  
th e  sing le-strip  cross section above th e  im age. N ote 
th a t  th is  occurs in  sp ite  of th e  fact th a t  bo th  in p u t
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longitude (pixel) ¿ (p ixe l1) longitude (pixel) (pixel'1)
Fig. 4. Strip-by-strip deconvolution of Fig. 3(d) with the spectrum of Fig. 3(b) by means of the unfiltered Fourier-transformation algorithm 
[Eq. (A6) below]. Purely spatial images (a) and (c) show data in direct space; the corresponding power spectra are shown in (b) and (d) 
(first half of the k components only). (a), (b) Direct deconvolution; note the large high-k components in (b). (c), (d) Direct convolution but 
with two-pixel binning; the high-k components partly cancel (d). Top, single-strip cross sections at the positions of the arrows. [Zero 
baseline indicated in (a) and (c); left ordinates omitted in (b) and (d) to emphasize the low-k components.]
im ages [Figs. 3(b) an d  3(d)] a re  n o t p a rticu la rly  noisy. 
A  closer look a t  th e  reciprocal space com ponents [Fig. 
4(b)] ind ica tes th a t  th e  re s u lta n t noise can be a ttr ib ­
u te d  to la rge  h igh-k com ponents24 th a t  do n o t cancel 
each o th e r on inverse  F ourie r tran sfo rm atio n . T he 
FT  diagonalizes th e  convolution problem  an d  hence 
th e  deconvolution. H ow ever, because m an y  of its  
h ig h -k  com ponents a re  sm all, th e  inverse  problem  is 
(num erically) ill conditioned an d  sensitive to  sm all 
v a ria tio n s  (noise) in  th e  recorded  d a ta . In  a  m ore 
physical exp lanation , th e  deconvolution a lgo rithm  a t ­
te m p ts  to increase  th e  co n tra s t in  th e  im age; i.e., it  
a tte m p ts  to res to re  s tru c tu re  in  th e  in p u t th a t  w as 
sm eared  ou t by th e  convolution: A ny s tru c tu re  th a t  
is p re se n t in  th e  m easu red  (convolved) im age m u s t 
have  been m ore pronounced  in  th e  ac tu a l sp a tia l d is­
tr ib u tio n  on th e  en tran ce  s lit (before convolution). 
T here  is, how ever, no w ay  for th e  reconstruction  algo­
r ith m  to d istin g u ish  re a l d a ta  from  noise th a t  is added  
d u rin g  detection  an d  superposes an  artific ia l s tru c tu re  
(on a  pixel-to-pixel basis, th a t  is, h igh-frequency) onto 
th e  convolved signal. As th e  an a ly tica l a lgorithm  
does n o t t r e a t  th e  noise an y  differen tly  from  th e  rea l 
d a ta , i t  g en e ra te s  h ig h -k  com ponents to  account for th e  
rap id  pixel-to-pixel fluc tuations in  th e  m easu red  (sig­
n a l + noise) d a ta . U nfo rtuna te ly , i t  is n o t tr iv ia l to 
d iscrim inate  betw een  rea l d a ta  an d  noise.
Zero p ad d in g  th e  d a ta  (to a r ra y  sizes u p  to  2 13 
pixels) to  in c rease  th e  reso lu tio n  in  k -space did  n o t 
a l te r  th e  deconvolved re s u lt  in  d irec t space sign ifi­
can tly . A d d itiona l w indow ing  of th e  raw  d a ta  to  im ­
pose periodic b o u n d a ry  cond itions rig id ly  a s  req u ired  
for th e  F T  w as  also in su ffic ien t to  re s to re  th e  o rig inal 
im age. T h is  m e a n s  th a t  th e  noise in  th e  s tr a ig h t­
fo rw ard  reco n stru c tio n  is  n o t a  consequence of ill- 
sa tisfied  periodic b o u n d a ry  conditions. A t th e  cost 
of lo sing  sp a tia l reso lu tio n , b in n in g  tw o n e ig h b o rin g
pixels is  a  tr iv ia l low -pass filte r  for th e  sp ec tra l an d  
th e  convolved d a ta . A  su b se q u e n t deconvolution 
y ie ld s Fig. 4(c), w h ich  looks less no isy  th a n  Fig. 4(a). 
Indeed , its  co rrespond ing  F o u rie r  pow er sp ec tru m  
[Fig. 4(d)] show s few er co n trib u tio n s from  h ig h -k  
com ponents. H ow ever, a lth o u g h  th e  s tru c tu re  of 
th e  object can  now  be recognized, th e  signal-to-noise 
ra tio  in  Fig. 4(c) is  s till poor com pared  w ith  th e  in p u t 
[Fig. 3(d)]; com pare especially  th e  tw o sin g le -s trip  
cross sec tions above each  im age). C learly , a d d i­
tio n a l filte rin g  is re q u ire d  for se p a ra tio n  of d a ta  from  
noise by su p p ress io n  of exploded G (k) con tribu tions, 
especially  a t  h ig h e r  rec ip rocal space com ponents. 
T h e re  a re  filte rs  th a t  do th is  job  g lobally ,22 b u t  often  
th e y  a re  a d  h o c  a n d  do n o t provide d ra m a tic  im prove­
m en ts . A  m ore  g en e ra l a lg o rith m  ded ica ted  to  fil­
te re d  deconvolution  is p re se n te d  below.
B. Linear Bayesian Deconvolution Filter
T he goal is  to  re c o n s tru c t th e  o rig in a l sp a tia l p a tte rn  
{G n}  (a  s tr ip  of th e  in p u t) th a t  gave r ise  to  a  m e a su re ­
m e n t {T m}  (a s tr ip  of th e  o u tp u t) for a  g iven  sp ec tra l 
convolution function  { R m}. As a c tu a l in p u t  {Gn} is  in 
p rinc ip le  u n k n o w n , m a n y  ca n d id a te s  m ig h t h av e  
g iven th e  sam e m e a su re d  o u tp u t (inc lud ing  noise), 
a n d  one of th e se  h a s  to  be selected . T h is  boils down 
to find ing  th e  m o st likely  reco n stru c tio n  of {Gn}, given 
th e  incom plete  know ledge p rov ided  by th e  ex p eri­
m en t. “Incom plete” m e a n s  th a t  th e  a c tu a l noise 
co n trib u tio n  is n o t know n, for exam ple. W h a t we do 
know , how ever, is  (i) a  m e a su re m e n t of th e  o u tp u t 
a n d  (ii) th e  convolution m odel of Eq. (12), w hich  lin k s 
th e  o u tp u t to  th e  in p u t. A  B ay esian  s ta tis tic a l a n a l­
y s is25 p resc rib es  a  procedure  for q u an tify in g  th e  te rm  
“m o st likely” a n d  for a ss ig n in g  re liab ility  to  th e  r e ­
construction . F o r th is  p u rp o se  th e  in te n s itie s  of th e  
in p u t p a tte rn , th e  m e a su re d  d a ta , a n d  th e  noise a re
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th o u g h t of a s  stoch astic  v a ria b le s  to w hich  p d f ’s th a t  
describe th e  p ro b ab ility  th a t  a  stoch astic  va riab le  w ill 
ta k e  a  c e r ta in  value . T h e  sp ec tra l re ference  func­
tio n  is  a ssu m ed  to be w ell a sse ssed  a s  th e  re sp o n se  to 
a  p e a k  in p u t. T h e  p rin c ip les  of th e  d a ta  filte r a re  
p re se n te d  in  th is  p ap er; d e ta ils  can  be found  in  th e  
d isse r ta tio n  of Tolboom .14
In  th is  section, u p p ercase  le t te rs  deno te  stochastic  
v a ria b le s  a n d  th e  co rrespond ing  low ercase le tte rs  
re p re se n t th e ir  a c tu a l v a lu es  (d a ta ) . Boldface vector 
n o ta tio n  in d ica tes  th a t  w e dea l w ith  th e  e n tire  s e t of 
N  s toch astic  v a ria b le s  or th e ir  specific va lues; su b ­
sc rip ts  in d ica te  a  single com ponent.
G iven th e  p d f’s an d  th e  experim en ta l fac t th a t  the  
m e asu rem en t of T  re su lted  in  th e  p a rtic u la r  outcom e t  
(denoted T  =  t), th e  reconstruction  problem  is  equiv­
a le n t to ca lcu la ting  th e  conditional expectation  v alues
E [G |T  =  t]  =  ^ ( t ) (17)
as a  function  ^  of m easu red  o u tp u t t. T hese condi­
tio n a l expectation  va lu es  a re  th e  b es t a  p o s t e r io r i  es­
tim a te s  of th e  a  p r i o r i  in p u t g, given th e  m easu red  
outcom e T  =  t .26 T he criterion  “b est” is defined as 
th a t  p a r tic u la r  ^ ( t )  th a t  m in im izes th e  m ean-square  
erro rs
E[|G„ -  ^ n( t ) |2] (18)
based  on th e  m easu red  T  =  t. In  th is  section we 
provide th e  b es t reconstruction  by d irec t calculation of 
th e  conditional expectation  value. I t  is  B ayes’s th eo ­
rem , w hich  is u sed  to  lin k  a  p r i o r i  know ledge of both 
in p u t an d  o u tp u t to a  p o s t e r io r i  know ledge. T here 
a re  d ifferen t w ays to arrive  a t  th e  final re su lt, for 
exam ple, by d irec t m in im ization  of th e  m ean -sq u are  
erro r, e ith e r  analy tica lly  or g raph ica lly .14 However, 
we believe th a t  th e  form ula tion  p resen ted  below gives 
th e  c learest in s ig h t in  th e  m a th em a tic s  involved.
In  th e  s ta tis t ic a l  app roach , b o th  in p u t im age G  an d  
noise M a re  m odeled  by stoch astic  v a riab le s , th a t  is,
b +  T Y m Vm, (19)
respective ly , w h ere  th e  v a lu e s  ofX n a n d  Y m a re  ta k e n  
a  p r i o r i  from  m u tu a lly  in d e p e n d e n t s ta n d a rd  n o rm a l 
d is trib u tio n s , a  choice th a t  w e com m ent on below. I t  
is  a ssu m ed  in  th e  m odel th a t  a ll p ixels in  a  s tr ip  a re  
ch a rac te rized  by one se t of p a ra m e te rs  {c, ct, b, t}. 
T he m u tu a l indep en d en ce  (deno ted  _1) of a ll d is tr i­
b u tio n s  X  a n d  Y im p lies th a t
X m X n ( m  n ) , i.e., th e  p d f  of th e  optics before
th e  sp ec tro g rap h  is  neglected;
Ym  Y n ( m  =£ n ) , i.e., th e  noise is accoun ted  for
p e r in d iv id u a l pixel; an d
X m Y n @m n, i.e., th e  no ise  is  n o t co rre la ted
to th e  sig n a l a t  all. (20)
A s G  (th e  n o rm alized  in p u t signal) is  a  d im ension less 
q u a n tity , p a ra m e te rs  c  a n d  ct a re  d im ension less, too. 
b  a n d  t  h av e  th e  sam e  d im ension  a s  M, how ever,
w hich  is [count]. I t  can  be show n14 th a t  p d f  (p) of 
o rig inal im age G n ta k in g  on th e  v a lu e  g n can  be de­
rived  from  th e  s ta n d a rd  n o rm a l d is tr ib u tio n  as
p Gn( g n) =
1
exp Vn (21)
a n d  s im ila rly  for th e  no ise  te rm  
1
p Xm( ^m) exp
1 ÎVm -  b
2
Vm. (22)
P a ra m e te rs  b  a n d  c  a re  th e  av e rag es  of th e  no ise  an d  
th e  n o rm alized  in p u t im age, respective ly , a n d  t 2 an d  
ct2 a re  th e  v a rian ces  in  th e  co rrespond ing  signals. 
T he d is tr ib u tio n  p Gn [Eq. (21)] i l lu s tra te s  th e  d i­
lem m a  in  choosing ct. O n th e  one h a n d , ct h a s  to  be 
suffic ien tly  la rg e  to  inc lude  a ll th e  rea so n ab le  d a ta , 
b u t  on th e  o th e r h a n d  i t  shou ld  be sm a ll enough  to 
exclude n eg a tiv e  v a lu e s  (in p u t g m is  n ecessa rily  pos­
itive), effectively by a ss ig n in g  sm all p ro b ab ilitie s  to 
th em . T h e  exclusion of neg a tiv e  n u m b e rs  is  n o t an  
issu e  for th e  no ise  m odel. T he ad d itio n  of m ean  c  to 
th e  in p u t is  a n  ex ten sio n  to  ex is tin g  an a ly tica l m od­
els (such a s  th o se  docum en ted  by M acK ay27), because 
i t  sh ifts  th e  a  p r i o r i  p d f  to  th e  (positive) in te n s itie s  
expected  on p h ysica l p rinc ip les. A  physica l a p ­
p roach  to  d e te rm in in g  ct a n d  t  is d iscussed  a t  th e  end  
of th is  section.
T h e  d iscre tized  form  of th e  convolution m odel, Eq. 
(A2) below, prov ides th e  lin k  be tw een  th e  a ssu m ed  
stoch astic  v a riab le s , E qs. (19), a n d  th e  o u tp u t, w hich  
w e can  m easu re . T h ese  o u tp u t v a lu es ,
T Gn +  Xm  Vm (23)
a re  also  t re a te d  a s  stoch astic  p a ra m e te rs  in  th e  cu r­
r e n t  approach . Once th e  v a lu es  g  =  (g 0, . . . , g N_ 1) 
of in p u t p a t te rn  G  =  (G0, . . . , GN _ 1) a re  specified, 
th e  p d f  for th e  o u tp u t follows from  th is  eq u a tio n  as  
th e  cond itional p d f  (or likelihood):
p Tm(tm|G  g)
1
X exp
n R m-n+n0g n +  b
Vm. (24)
T h is  is a n  e q u a tio n  for a  n o rm a l d is tr ib u tio n  once 
m ore, b u t  i t  is now  cen te red  ab o u t th e  v a lu e  ( ¥ n
R „ g n +  b) w ith  v a rian ce  t.
T h e  prob lem  in  OM A im aging , how ever, is  th a t  we 
m e a su re  o u tp u t T  =  t , from  w hich  w e w a n t to  r e ­
triev e  th e  p d f  for th e  in p u t p a tte rn . T h is  (a p o s t e r i ­
o r i )  p d f  is also  a  cond itional pdf, p G (g j T  =  t), b u t  it  
c an n o t be ca lcu la ted  read ily . F o rtu n a te ly , i t  suffices 
for o u r prob lem  to ca lcu la te  th e  cond itional expecta-
2
c
2
2
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tio n  v a lu e  of G q , w h ich  is  defined  for d isc re te  s to ch as­
tic  v a ria b le s  as
tion  re la tio n  of p robabilities is applied  to th e  denom i­
nator:
E [G JT  =  t]  =  2  g < P [ G q =  g 9|T  =  t]
gq
2  g q P [G  =  g |T  =  t]  Vq (25)
(N ote th a t  each  of th e se  re la tio n s  co n ta in s  a  su m m a ­
tio n  over v a lu es  g q a n d  g  r a th e r  th a n  a  su m m atio n  
over com ponen ts q. In a sm u c h  a s  th e  in d iv id u a l 
com ponen ts a re  in d ep en d en t, th is  n o ta tio n  does n o t 
in tro d u ce  ad d itio n a l co m ponen ts.14) C onditional 
p ro b ab ility  P  (of occurrence of an  event; for d iscre te  
stoch astic  variab les) th a t  w as  in tro d u ced  in  Eq. (25) 
is  re la te d  to  cond itional p d f  p  (of a  va lue; for co n tin ­
u o u s stoch astic  va riab les) by
P[Gq G (a , b ) |T  =  t]  =  f b pG q(gq |T  =  t)dgq. (26)
I t  is  a t  th is  p o in t th a t  B ayes’s th eo rem
P [T  =  t |G  =  g] X P [G  =  g]
P [G  =  g |T  =  t]
P [T  =  t]
(27)
P [T  =  t]  =  2  P [T  =  t |G  =  g] X P [G  =  g ], (29) 
g
a n d  th e  cond itional ex p ec ta tion  v a lu e  becom es
E[G q |T  =  t]
2  g q P [T  =  t |G  =  g] X P [G  =  g]
_g_______________________________
2  P [T  =  t |G  =  g] X P [G  =  g]
V q
(30)
show ing  th a t  th e  n u m e ra to r  a n d  th e  d en o m in a to r 
co n ta in  th e  sam e p ro b ab ilitie s  a n d  th a t  th e  n u m e ra ­
to r  ca rrie s  th e  ad d itio n a l v a lu e  g q th a t  is averaged . 
T h is  is a  re la tio n  th a t  is  fam ilia r  from  s ta tis tic a l 
physics, for exam ple, w h ere  th e  p o p u la tio n  of a  g ran d  
canonical ensem ble  is n o rm alized  by th e  p a r titio n  
function .28
In  th e  co n tin u u m  lim it of th e  stoch astic  variab les , 
Eq. (30) co n ta in s  R iem an n  su m m atio n s  th a t  go over 
in to  in te g ra ls  over p d f ’s for every  p ixel q :
E[G q |T  =  t]
gqpT (t|G  =  g) X pG (g)dg
P x (t|G  =  g) X pG (g)dg
g q  exp
■ 1 t  -  R  * g  -  b 2
exp
' 1 g  -  c
2
2 t 2 O
dg
exp
RW
g q  exp
' 1 t  -  R  * g  -  b 2
exp
' 1 g  -  c
2
-  2 t -  2 O
d g
t m 2^n R m-n+no^n b
2
+ gm  -  C 1O 1 \ d g
exp
RW
t m ^ 2 n R m-n+nog n b
2
+ gm  -  C 2)1d gO (31)
en te rs  th e  s ta tis tic a l approach  to deconvolution by re ­
vers in g  th e  in fo rm ation  (T  =  t) an d  th e  u nknow n  (G = 
g) a rg u m en ts  of th e  likelihood, tu rn in g  Eq. (25) into
E[Gq|T =  t]  =  2  g.
P [T  =  t |G  =  g] X P [G  =  g] 
P [T  =  t] V q
(28)
T he denom inato r does n o t depend  on g , so i t  can be 
ta k e n  ou t of th e  sum . A dditionally , th e  decomposi-
w h ere  a ll s to ch astic  v a ria b le s  a re  in d e p e n d e n t an d  
th e  p re fac to rs  in  th e  n u m e ra to r  a n d  th e  d en o m in a to r 
cancel. B ecause  th e  g  a n d  R  v a lu e s  in  th e  f irs t p a r t  
of th e  ex p o n en tia ls  a re  coupled v ia  th e  convolution, 
th e se  in te g ra ls  can n o t be perfo rm ed  an a ly tica lly  in  
d irec t space. S u b s titu tio n  of th e  F T s of th e  g , R , t, 
b , a n d  c  v a lu e s  prov ides a  conven ien t change of th e  
coo rd inates of in te g ra tio n  th a t  decouples th e  in te ­
g ra n d  once m ore. H ow ever, th is  change of coordi­
n a te s  is  r a th e r  in tr ic a te  a n d  in tro d u ces  som e
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com plications w ith  re sp ec t to th e  coo rd inates a n d  do­
m a in  of in te g ra tio n  (see App. 6.A  in  th e  d isse rta tio n  
of Tolboom 14). A n aly tica l ev a lu a tio n  v ia  reciprocal 
space of th e  in te g ra ls  in  Eq. (31) ev en tu a lly  lead s  to 
th e  k ey  fo rm u la
E [G ,|T  =  t]
c ( x /a ) 2 b R k=0
R  k=o + ( x /a ) 2
F T -
R k,not k
|iRk,no|2 + ( x /a ) 2 
(32)
for th e  re s to ra tio n  of th e  u n k n o w n  o rig inal in p u t im ­
age. (A tild e  d eno tes a  FT; see A ppend ix  A.)
E q u a tio n  (32) is th e  m a in  re s u lt  of th is  p ap e r, de­
scrib in g  th e  reco n stru c tio n  of th e  m o st p robab le  in p u t 
p a t te rn  by m e a n s  of filte red  deconvolution of th e  
m e a su re d  o u tp u t. B ecause  th e  exp ression  is a n a ly t­
ically  closed, i t  en ab les  s tra ig h tfo rw a rd  im p le m e n ta ­
tio n  to  be m ad e  in  co m p u te r code w ith o u t ite ra tiv e  
loops. In  Eq. (32) th e  f irs t te rm  d eno tes an  offset 
ab o u t w hich  d a ta  a re  sc a tte re d  by F T -1 in  th e  second 
te rm . P a ra m e te r  c is  a lw ays ta k e n  a s  th e  average  
over th e  convolved im age t.
T h e  filte r h a s  only one free m odel p a ra m e te r , frac ­
tio n  ct/ t, in s te a d  of tw o (ct a n d  t sep a ra te ly ), a s  m ig h t 
p e rh a p s  be expected  from  th e  su p p osition  of th e  s to ­
chastic  v a ria b le s  of E qs. (19). T h is  effective filte r 
p a ra m e te r  can  be in te rp re te d  a s  a  m e a su re  of th e  
c o n tra s t be tw een  th e  re a l s tru c tu re  in  th e  s ig n a l (e.g., 
th e  g rid  lin e s  a n d  th e  n u m b ers) a n d  th e  noise accu­
m u la te d  in  th e  m ea su re m e n t.
E q u a tio n  (32) is  th e  lin e a r  B ay esian -filte red  v e r­
sion of th e  s tra ig h tfo rw a rd  deconvolution , Eq. (A6) 
below. To com pare th e  tw o re s u lts  we re a rra n g e  th e  
a rg u m e n t of F T -1  in  Eq. (32) accord ing  to
R  *,n/k |R k,nol
|Rk,no|2 + ( x /a ) 2 |R k,nol + (x /a )  Rk„ 
1
1 + ( x /a ) 2|Rk,n R
(33)
k,no
E q u a tio n  (33) show s th a t  th e  filte r effectively su p ­
p re sse s  a ll k  com ponen ts of th e  s tra ig h tfo rw a rd  de­
convolution by a  fac to r [1 + (T/CT)2iRk,„or 2] >  1 . 
A lte rn a tiv e ly , th e  pow er of th e  F o u rie r- tran sfo rm ed  
com ponen ts w ith in  th e  in v erse  FT  can  be w r itte n  as
R  k,no
2
' |Rk,no|2 '
|Rk,no|2 + ( x /a ) 2 [|Rk,no|2 + ( x /a ) 2J
filtered deconvolution function filter
x
1
2
on
(34)
deconvolution function
W ritte n  in  th is  w ay, th e  B ay esian  filte r w ith  th e  
choice of n o rm a l d is tr ib u tio n s  for th e  sto ch astic  v a r i­
ab les is seen  to  y ie ld  re su lts  s im ila r  to  th o se  of th e  
W iener deconvolution filte r.22 
T h e  p re fac to r filte r is  a  m e a su re  of th e  pow er at-
Fig. 5. Power spectra (single strips at the location of the arrows 
in Fig. 3). (a) Fourier-transformed spectral reference function R k 
of Fig. 3(b), (b) nonfiltered deconvolution function, (c) filtering of (b) 
(note the logarithmic scale), (d) linear Bayesian filtered deconvo­
lution function. The power of the filtering function (c) is the pre­
factor filter of Eq. (34). (c), (d) Calculated for c t / t  = 6 counts-1.
tr ib u te d  by th e  filte r  to  th e  re a l d a ta , d ep en d in g  only 
on sp ec tra l reference  function  R  a n d  reg u la riza tio n  
p a ra m e te r  a /x . I t  is  c lea r th a t ,  if  x /a  app ro ach es 
zero (i.e., th e  m e a su re d  s tru c tu re s  a re  com pletely  due 
to  s tru c tu re  in  th e  in p u t im age), th e  non filte red  de­
convolution, Eq. (A6) below, w ill rem ain . In  th a t  
lim it, th e  offset in  Eq. (32) ap p ro ach es - b / R k=o, cor­
re sp o n d in g  to  su b tra c tio n  of (constan t) no ise  level b 
from  th e  deconvolved d a ta . T h e  re s u lts  in  th is  p a ­
p e r  w ere  ob ta in ed  for b  =  o, so th e re  is  no such 
ad d itio n a l offset correction  for accu m u la ted  noise. 
T he lim it of x /a  3  <x>, how ever, w ould  p hysica lly  cor­
resp o n d  to  a  m e a su re d  o u tp u t th a t  is d o m in a ted  by 
noise. In  th is  case th e  filte r effectively su p p resse s  
a ll F o u rie r  com ponen ts a n d  re su lts  in  th e  p red ic tion  
of a  f la t in p u t  d is trib u tio n .
F ig u re  5 i l lu s tra te s  th e  action  of th e  (filtered) de­
convolution in  rec ip rocal space for th e  s in g le -s trip  
d a ta  R  of Fig. 3(b). A t th e  r ig h t in  Fig. 5 a re  th e  
pow ers of th e  deconvolution function  [Fig. 3(b)] a n d  of 
th e  filte red  deconvolution  function  [Fig. 3(d)] on a 
l in e a r  scale. T he sp ec tru m  in  Fig. 3(b) is  d o m in a ted  
by h igh-k  com ponents, a n d  th e se  cause  ex trem e  noise 
in  th e  s tra ig h tfo rw a rd  reco n stru c tio n  [e.g., Fig. 4(a)]. 
A s can  be seen  from  Fig. 5(c), i t  is  exactly  th e se  h igh-k 
com ponen ts th a t  a re  stro n g ly  su p p re ssed  by th e  filte r 
factor, Eq. (34). A s a  re su lt, th e  pow er sp ec tru m  of 
th e  filte red  deconvolution [Fig. 5(d), w h ich  shou ld  be 
com pared  to  Fig. 5(b)] is  d o m in a ted  by (real) s tru c ­
tu re  in  th e  low -k  com ponents, a  s tru c tu re  th a t  is 
p re se n t a s  only a  m in o r w rin k le  in  th e  u n filte red  
sp ec tru m  [Fig. 5(b)]. T h e  exact sh ap e  of th e  filte r 
[Fig. 5(c)] s tro n g ly  dep en d s on th e  sh ap e  of |Rk|2 [Fig. 
5(a)]. In  th is  case th e  p resence  of tw o sp ec tra l lines 
causes th e  o scilla tions in  |Rk|2, a n d  in  a ll tra c e s  de­
rived  from  it. F o r a  sing le-line  sp ec tru m , for ex am ­
ple, a ll cu rves w ould  h av e  been  sm ooth.
F ig u re  6 i l lu s tra te s  th e  dependence  of th e  recon ­
s tru c tio n  on filte r p a ra m e te r  a /x  in  m ore de ta il. T he 
tu rn in g  p o in t for th e  filte r’s behav io r, a s  can  be seen 
from  Eq. (34), lies a t  a /x  ^  |R |-1 . F o r a /x  s  |R |-1 , 
th e  s tru c tu re  in  th e  m e a su re d  im age is  ta k e n  a s  dom-
2
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Fig. 6. Strip-by-strip linear Bayesian deconvolution of Fig. 3(d) with the spectrum of Fig. 3(b). Right to left, results for three ratios c t / t , 
ranging from (a) too low (c t / t  = 1 count-1) to (b) best (c t / t  = 6 counts-1) to (c) too high (c t / t  = 800 counts-1). Above the images are the 
single-strip cross sections (similar to those in Figs. 3 and 4), and on top of them are their power spectra for the first halves of k components. 
The images are scaled individually, but the traces are all on the same linear gray scale. The left ordinates of the power spectra are omitted 
to show the similarity of the barely filtered, low-k components.
in a te d  by noise, w h e re a s  for ct/ t s  |R |-1  i t  is  a t t r ib ­
u te d  to th e  in p u t im age itself. T he  fo rm er s itu a tio n  
re s u lts  in  a  re la tiv e ly  u n ifo rm  in p u t im age [as r e ­
flected  in  th e  sm ooth  reco n stru c tio n  of Fig. 6(a)] onto 
w h ich  re a d o u t no ise  h a s  im posed  s tru c tu re . T h e  l a t ­
te r  s itu a tio n  co rresponds to a n  in p u t im age w ith  rich  
s tru c tu re  onto w hich  re la tiv e ly  l ittle  no ise  h a s  accu­
m u la ted . T he deconvolu tion  th e re fo re  p roduces a  
w ild ly  f lu c tu a tin g  im age [Fig. 6(c)] ap p ro ach in g  th e  
n o n filte red  deconvolution  re su lt. In  th e  b e s t re su lt  
(here  ct/ t =  6 c o u n ts -1 ; see below), th e  o rig inal object 
is  w ell rep roduced , an d  th e  o th e r p a r ts  of th e  im age 
a re  n e a r ly  em pty. (Ideally , th ey  w ould  be com ­
p le te ly  dark .) T he  h o rizo n ta l cross sections (w hite 
a rro w s s im ila r  to th o se  in  F igs. 3 a n d  4) em phasize  
th e  accu ra te  recovery  of th e  in p u t  im age; th re e  d is ­
t in c t  m in im a  re p re se n t th e  g rid  lin es  in  th e  s in g le ­
s tr ip  d a ta , a n d  a n  in te rm e d ia te  s tru c tu re  is p re se n t 
th a t  com es from  cu ttin g  th e  “68”. T he  g rid  m in im a  
a re  se p a ra te d  by ap p ro x im ate ly  43 p ixels, a n d  th ey  
a re  so m ew h at b ro ad e r th a n  4 p ixels (full w id th  a t  
h a lf-m ax im um ), in  p erfec t a g re e m e n t w ith  th e  
p r in te d  g rid  of 1:10 for th e  line  th ick n ess . Still, 
th e re  a re  a  few sm all u n d e rsh o o ts  (oscillations an d  
n eg a tiv e  n u m b ers), also in  th e  b e s t re su lt. A s d is ­
cussed  a f te r  th e  Eqs. (21) a n d  (22) for th e  p d f ’s, th e ir  
p resen ce  does n o t come a s  a  su rp rise .
A lthough  rigorous m a th e m a tic a l p ro ced u res  ex is t 
for e s tim a tin g  re g u la riz a tio n  p a ra m e te r  c t/t  (see, 
e.g., E ng l e t  a l .29), w e h av e  op ted  for a  m ore physical 
app roach . T he  p hysica l s i tu a tio n  is th a t  lig h t is 
t ra n s m itte d  th ro u g h  th e  en tra n c e  s lit  only. T h u s
a f te r  deconvolution th e  s ig n a l shou ld  id ea lly  be con­
fined to  a  fin ite  a re a  on th e  CCD chip th a t  co rre­
sponds to th e  en tra n c e  s lit  im age, w hile  th e  r e s t  o f th e  
chip is  em pty . D efine th e  im age c o n tra s t a s  (P (in ))/ 
(P(out)), w ith  (P(in)) th e  average  pow er in side  th e  
reco n stru c ted  e n tra n c e  s lit  im age (pixel n u m b ers  
17 6 -3 3 5 ) a n d  (P(out)) th e  av e rag e  pow er ou ts id e  th is  
p a r t  of th e  im age (pixel n u m b e rs  1-165). T he b est 
ct/ t shou ld  th e n  m ax im ize  th e  im age co n tras t. F rom  
a  p lo t of th e  im age c o n tra s t com pared  w ith  ct/ t (Fig. 
7), such  is found  to  be th e  case for ct/ t =  6 c o u n ts -1 . 
N ote th a t  th e  m ax im u m  in  Fig. 7 is r a th e r  b road , so 
th e  filte r’s perfo rm ance  is  n o t c ritica l to th e  exact 
v a lu e  of ct/ t t h a t  is  used.
A fina l check on th e  q u a lity  of th e  reco n stru c ted  
im age lies in  reconvolv ing  i t  w ith  th e  sp e c tra l refer-
a  / x (count'1)
Fig. 7. Contrast (defined in the text) as a function of ct / t . The 
maximum in the curve is taken as the best c t / t  for the deconvolu­
tion as it minimizes the relative power in the physically dark 
region. The corresponding value for the nonfiltered results [Fig. 
4(a)] is (P(in)}/(P(out)> = 1.35.
5678 APPLIED OPTICS /  Vol. 43, No. 30 /  20 October 2004
Fig. 8. Reconvolved image of the data that were obtained with a 
deconvolution for c t / t  = 6 counts-1 (solid curve) and its difference 
from the original, measured data (residual; gray curve). The dif­
ference is 0.04 count on average and has a standard deviation of 
more than 7 kcounts.
ence function , a s  w as  done for Fig. 8. T he difference 
of th is  r e s u lt  from  th e  m e a su re d  d a ta  is also  in d i­
cated; i t  is  1 -2  o rd e rs  of m a g n itu d e  sm a lle r  th a n  th e  
a c tu a l d a ta . T he av erag e  pow er in  th e  reconvolved 
im age is  0.946 tim es  th e  av erag e  pow er co n ta in ed  in  
th e  o rig inal d a ta , so th e  filte r a t tr ib u te s  ap p rox i­
m a te ly  5% of th e  pow er to  noise for ct/ t =  6 co u n ts-1 .
4. Som e Properties of Optical Multichannel Analyzer 
Imaging and the R econstruction of Optical Multichannel 
Analyzer Graphs
A. Linearity
T he lin e a r ity  of th e  deconvolution filte r can  be d em ­
o n s tra te d  by con sid era tio n  of th e  deconvolution of 
an y  l in e a r  com bination  of tw o m e a su re m e n ts  T  = 
( a i t i  +  < ^ 2) g iven by
1 -, c ( t /c t )2 — b R k=i
E [G ,|T  =  a i t i  +  a 2t 2] =  ( a i  +  a 2) , 2
R k=0 + ( t/c t)
FT~
R l,n0{a 1 t ik  +  a 2 ^ 2k}
|-^k,n0|2 + (t/ ct)2
aiE [G „ |T  =  ti]  +  a2E[G„|T =  t2]. (35)
T he fac to r ( a i +  a 2) before th e  offset te rm  m ay  n o t be 
obvious. As th e  to ta l s igna l now  co nsists  o f tw o sep ­
a ra te  m e a su re m e n ts  ( ti a n d  t 2) m u ltip lied  by th e  fac­
to rs  a i a n d  a 2, th e  av erag e  v a lu e  c a n d  th e  average  
noise level b  of th e  tw o im ag es n eed  to  be m u ltip lied  
by th e  sam e factor. N ote  th a t  th e  l in e a r ity  is  a  con­
sequence of ou r specific choice of s ta n d a rd  n o rm al 
d is tr ib u tio n s  in  E qs. ( i9 ) r a th e r  th a n  of its  be ing  
p resu p p o sed  in  th e  d eriv a tio n  of Eq. (32). T h e  p h y s­
ical im p lica tion  for OM A im ag in g  is  th a t  (spectral) 
s tru c tu re s  th a t  do n o t overlap  in  a n  OM A g ra p h  can 
be t r e a te d  sep a ra te ly . T h u s  v a rio u s  sources w ith  
d iffe ren t sp ec tra l d is tr ib u tio n s  can  be recorded  in  a  
sing le  OM A g ra p h  as long a s  th e ir  co n trib u tio n s do 
n o t overlap  in  th e  ex it p lane . [See Fig. 3(c); th e  de­
convolved im age can  be found  in  Tolboom ’s d is s e r ta ­
t io n ^ 4] T h u s  th e  fac to riza tio n  re q u ire m e n t s ta te d  
in  Eq. (4) is  seen  n o t to  be an y  m ore  severe for OMA 
im ag in g  th a n  for an y  o th e r k in d  of sp ec tra lly  selec­
tive  im aging .
B. Two-Dimensional Image Reconstruction
A  sp ec tro g rap h , like an y  o th e r op tical device, in tro ­
duces im ag in g  defects. B ecause th e  effects of th ese  
defects in c rease  w ith  d is tan ce  from  th e  op tical axis, 
n o n d iffrac tin g  d im ension  y  in  p a r tic u la r  w ill suffer 
from  defects. T h e  im ag in g  a r tifa c ts  of th e  system  
u sed  in  o u r ex p e rim en ts  can  be ju d g e d  from  Fig. 3(a). 
T he tw o sp ec tra l lin es  (im ages of a  s tr a ig h t  en tran ce  
slit) a re  curved, a n d  th e y  becom e a  b it  less sh a rp  
to w ard  th e  u p p e r  a n d  low er ends. B o th  effects do 
n o t no ticeab ly  v a ry  over th e  w id th  of th e  im age. As 
h o rizo n ta l cross sec tions a re  t r e a te d  in d iv idua lly , th e  
pe rfec t-im ag ing  a ssu m p tio n  of Eq. (3) is  fu lfilled  for 
each  s trip . F u rth e rm o re , th e  s trip -b y -s trip  deconvo­
lu tio n  prov ides tw o ad d itio n a l a d v a n ta g e s  re la te d  to 
th e  in h e re n t  p ro p e rtie s  of deconvolution. I f  th e  
sp ec tra l re ference  function  is  reco rded  w ith  th e  sam e 
sp ec tro g rap h  se ttin g s  a s  th e  im age [b u t w ith  a  n a r ­
row  en tra n c e  slit, of course; cf. F igs. 3(a) a n d  3(c)], th e  
re fe rence  im age w ill co n ta in  a  sp e c tra l reference  
function  on each  im age line  (pixel row). T h e  decon­
vo lu tion  (i) w ill ta k e  in to  accoun t th e  one­
d im en sio n a l p s f  a s  p a r t  of th e  sp e c tra l reference  
function  a n d  (ii) w ill cen te r  th e  deconvolved im age 
ab o u t th e  orig in .30 T h u s , i f  in d iv id u a l s tr ip s  of an  
OM A g ra p h  a re  deconvolved w ith  a  sp ec tra l reference  
function  of th e  co rresp o n d in g  s tr ip  in  a  sp ec tra l re f­
erence im age [like th a t  o f Fig. 4(a)], b o th  th e  a d d i­
tio n a l b lu rr in g  a n d  th e  c u rv a tu re  a re  co rrec ted  for. 
In  som e p rac tica lly  com plicated  cases, th e  sp ec tra l 
re fe rence  function  can n o t be d e te rm in ed  for every  
s tr ip  or n eed  to  be av e rag ed  for a  su ffic ien t signal-to- 
noise ra tio . In  su ch  cases th e  reco n stru c tio n  w ill 
s till con ta in  re s id u a l b lu rrin g , th e  c u rv a tu re  w ill p e r­
s ist, or bo th . N ev erth e less , th e se  im ag es can  often 
be u se d  in  q u a n tita tiv e  s tu d ies , a s  show n in  com pan­
ion p a p e r  T2.
C. Improvements and Restrictions
A  m a in  a d v a n ta g e  of th e  B ay esian  deconvolution fil­
te r  p re se n te d  h e re  is  th a t  i t  is  exp ressed  in  closed 
form  [Eq. (32)]. T h u s  th e  ex p ec ta tion  v a lu e s  can  be 
ca lcu la ted  d irectly , w hich  obv ia tes th e  n eed  for C P U ­
in ten s iv e  o p tim iza tion  schem es. T h is  d irec t calcu­
la tio n , how ever, h a s  i ts  price. W e h a d  to  a ssum e 
lin e a r  im ag in g  [Eq. (6)] a n d  found th a t  th e  lin e a rity  
of th e  filte r in  fac t a r ise s  from  o u r choice of n o rm ally  
d is tr ib u te d  stoch astic  v a ria b le s  [Eq. (19)]. T h e  lin ­
e a r  im ag in g  assu m p tio n  w as  re q u ire d  for th e  spec­
tro g ra p h  o u tp u t to  ta k e  on th e  form  of a  convolution 
[Eq. (12)]. I t  m ay  b re a k  dow n for ex ten d ed  sp ec tra l 
s tru c tu re s , d ep en d in g  also  on th e  e q u ip m e n t used. 
P robab ly  th e  b e s t check of w h e th e r  th is  a ssu m p tio n  is 
ju s tif ie d  w ill be em pirical.
T h e  choice of n o rm a l d is tr ib u tio n s  for th e  s to ch as­
tic  v a ria b le s  is  in  i ts e lf  n o t expected  to  be a  serious 
re s tr ic tio n , b u t  i t  does allow  (unphysica l) neg a tiv e  
v a lu es  to  a p p e a r  in  th e  fin a l re s u lt  (see th e  d iscussion  
of Fig. 6 above). M o re-e labo rate  d is tr ib u tio n s  could 
rem ed y  th is  defect b u t  p robab ly  a t  th e  expense  of no t 
y ie ld in g  a  closed exp ression  for th e  filte r an y  m ore.
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Such, for exam ple, is  th e  case w ith  th e  m ax im um  
en tro p y  m eth o d ,31 for w hich  p o sitiv ity  of th e  recon ­
s tru c tio n  is e n su re d  b u t  find ing  i t  re q u ire s  a  n u m e r­
ical global op tim iza tio n  a lgo rithm .
F ina lly , th e re  is  th e  a ssu m p tio n  of (piecew ise) fac- 
to rizab ility  of th e  in p u t [Eq. (4)]. W e do n o t consider 
th is  a  re s tr ic tio n  th a t  is  p ecu lia r to  OM A im ag in g  b u t 
r a th e r  one th a t  ho lds for a ll sp ec tra lly  selective q u a n ­
ti ta tiv e  im ag in g  schem es. In  fact, w e consider i t  one 
of th e  a d v a n ta g e s  of u s in g  a  sp ec tro g rap h  com pared, 
for in s tan ce , w ith  b a n d p a ss  filters: I f  th e  factoriz- 
ab ility  a ssu m p tio n  b re a k s  dow n, th e  sp ec tru m  w ill a t  
le a s t te ll  you th a t  i t  does.
5. Summary and C onclusions
U n d e r  th e  h y p o th es is  of fac to rizab ility  of th e  in p u t to 
a  lin ea rized  sp ec tro g rap h  in to  a  p u re ly  sp e c tra l a n d  a 
p u re ly  sp a tia l p a r t ,  th e  e n ta n g lin g  of sp a tia l an d  
sp ec tra l in fo rm atio n  by a n  op tical m u ltic h a n n e l a n ­
a ly zer se tu p  is  described  effectively by a  convolution. 
R econstruction  is ach ieved  by a  ded ica ted  lin e a r  
B ay esian  deconvolution filte r, d ep en d in g  on one free 
m odel p a ra m e te r  only. T he d a ta  filte r is  b ased  on 
G au ss ian  p ro b ab ility -d en sity  func tions for th e  u n ­
know n sp a tia l in p u t an d  th e  accum ulated  noise, allow ­
in g  for a  closed analy tica l f ilte r expression [Eq. (32)]. 
T he re s u l ta n t  reco n stru c tio n  show s c lear c o n tra s t 
a n d  a  good rep ro d u c tio n  of th e  fa c tu a l in p u t. M ore­
over, th e  a lg o rith m  p rescrib es  a  recipe for g e n e ra tin g  
q u a n tita tiv e ly  in te rp re ta b le  d a ta , th u s  sa tis fy in g  an  
e sse n tia l c rite rio n  for q u a n tita tiv e  tw o-d im ensional 
im aging.
In a sm u c h  a s  OM A im ag in g  re q u ire s  ju s t  a n  im ag ­
in g  sp ec tro g rap h  a n d  a  sing le  cam era , i t  is  a  re liab le , 
re la tiv e ly  cheap , efficient te ch n iq u e  for q u a n tita tiv e  
im ag in g  exp erim en ts . A p rac tica l ap p lica tio n  is  d is­
cussed  in  th e  com panion  p a p e r .15
Appendix A. Discretization
T he p h o tode tec tion  chip in  a  CCD cam era32 h a s  a 
fin ite  (say, N )  n u m b e r of p ixels o f fin ite  (nonzero) 
d im ension . T hese  p ro p e rtie s  re q u ire  a  d isc re tiza ­
tio n  of th e  an a ly tica l fo rm u la tio n  [Eq. (13)]. A s th e  
p ixels h av e  a  fin ite  d im ension , th e y  a lre a d y  in te g ra te  
th e  s igna l over a  fin ite  reg ion  of xout. All in te g ra ls  
over space th e re fo re  becom e a  su m  over th e  su b in te ­
g ra ls , i.e., th e  p ixel va lues. T h e  d iscre tized  version  
of Eq. (13) th u s  re a d s  as
T out- Ms(nin+nin,0) X G n  + (A1)
w h ere  n out a n d  n in deno te  d isc re te  p o sitions (or, 
eq u iva len tly , p ixel n u m b ers) a n d  rep lace  con tinuous 
p a ra m e te rs  xout a n d  xin, respectively . T h is  d isc re ti­
za tio n  im p lies th a t  n o t only th e  o u tp u t s ig n a l a t  th e  
ex it p o rt b u t  also th e  in p u t s ig n a l a t  th e  e n tra n c e  s lit 
is  d iscre tized . T h u s  th e  a im  w ill be to  e s tim a te  sig ­
n a l G  a s  a  function  of pixel n u m b e r (d iscre tized  po­
sition). T h e  su b sc rip t [nout -  M s(nin + n in0)] of 
sp ec tra l reference  function  R  lab e ls  th e  (d iscretized) 
w av elen g th . I t  is  exp ressed  in  te rm s  of bo th  d iscre te
positions n in a n d  n out a n d  n eed  n o t be a n  in te g e r 
because  i t  co n ta in s  th e  m agn ifica tion  M s £  R. F rom  
Eq. (6), how ever, w e know  th a t  for every  w av elen g th  
X an y  specific M sn in (or M sxin) m ay  be converted  in to  
a  specific n out (or xout), w h ere  n in a n d  n out b o th  denote  
p ixel n u m b ers . T herefo re  th e  re fe ren ces to  “in ” an d  
“ou t” can  be om itted  a n d  th e  su b sc rip ts  can  sim ply  be 
an y  in te g e r  co u n te r w ith o u t re fe rence  to  th e  specific 
p la n e s  (in p u t or ou tpu t).
A n o th e r consequence of th e  CCD chip’s h a v in g  only 
a  fin ite  n u m b e r of p ixels is  th a t  T  a n d  R  can  be 
recorded  only for a  fin ite  n u m b e r  of po in ts . T he ex­
p e r im e n ta l se ttin g s  m u st, of course, be such  th a t  th is  
fin ite  seg m en t is re p re se n ta tiv e  of th e  com plete sig ­
n a l so th is  re p re se n ta tiv e  p a r t  can  be p u t  in to  th e  
convolution. W hen  periodic b o u n d a ry  conditions 
(period N )  a re  a ssu m ed , th e  d isc re tized  convolution 
in  d irec t space [Eq. (A1)] becom es
N-1  
T m =  2  R m X  G n +  Mm- (A2)
All su b se q u e n t su m m atio n s  a n d  p ro d u c ts  over in d i­
ces w ill be from  0 th ro u g h  N  — 1.
T h e  d iscre tized  form  of th e  F o u rie r  tra n s fo rm  an d  
its  in v e rse  a re 33
Fk
F
N-1
2  Fn  exp
n=0
1 N-1 - 
— 2  F k exp
N  k = 0
2 'u ik n
N
2 m k n
N
(A3)
respectively . L ike m  a n d  n , k  is  m ere ly  a  counter, 
w h ich  d eno tes th e  rec ip rocal space com ponen t of a  
F o u rie r- tran sfo rm ed  signal. T h e  d iscre te  F T s a re  
im p lem en ted  in  a  co m p u te r p ro g ram  as  fa s t  F T s on 
512 (= 2 9) d a ta  po in ts . T h e  d isc re tized  an a lo g  of Eq. 
(15) is
R k,n0 X  G k Mk R
def
k,no RF k exp
2 ^ i k n t
N
(A4)
a n d  th e  re la tio n  for th e  d isc re tized  deconvolved sig ­
n a l in  rec ip rocal space [Eq. (16)] becom es
GFk
RF (A5)k,no
A s p h ase  fac to r e x p (2 m k n 0/N ) w ill a lw ays a p p e a r  in  
com bination  w ith  R k , i t  is  abso rbed  by th e  la t te r  for 
n o ta tio n a l b rev ity , a s  is  in d ica ted  by th e  ad d itio n a l 
su b sc rip t n 0 to  R k,n . T he pixel v a lu e s  in  d irec t
space a re  0
G n =  F T -1[Gk] =  F T -
N-  1
-  2 
N  2
Mk
RFk,no
RFk,n0
¡ 2 m k n \  
exPl n  * , (A6)
0
n= 0
k
k
out out
k1
k
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w h ere  th e  su b sc rip t n  n u m b e rs  th e  p ixels (form ally  in  
th e  e n tra n c e  s lit  p lane). B ecause th e  F o u rie r  algo­
r i th m  is e ssen tia lly  ju s t  a  m a th e m a tic a l tr ick , th e  
physica l in fo rm atio n  shou ld  be co n ta in ed  only in  th e  
re a l p a r t  of F T -1 . T h e  im a g in a ry  p a r t  o u g h t to  v a n ­
ish . T he p ro g ram  th a t  perfo rm ed  th e  deconvolution, 
Eq. (A6), w as  te s te d  successfu lly  on co m p u te r­
g e n e ra te d  d a ta  (no t show n). T h e  av e rag e  pow er34 in 
th e  im a g in a ry  p a r t  w as  a lw ays found  to  be ~ 2 5  o r­
d e rs  of m a g n itu d e  sm a lle r  th a n  th e  av erag e  pow er in  
th e  re a l p a r t, a n d  in d eed  zero w ith in  th e  lim it of 
co m p u ta tio n a l accuracy.
W e a p p rec ia te  th e  c ritica l a n d  co n struc tive  d iscu s­
sions th a t  w e h a d  w ith  M a ria n n a  S ijtsem a. T h is 
s tu d y  w as  m ad e  possib le by financ ia l su p p o rt from  
th e  Technology F o u n d atio n , th e  A pplied  Science D i­
v ision  of th e  N e th e r la n d s  O rg an isa tio n  for Scientific 
R esearch , a n d  th e  technology p ro g ram  of th e  M in is­
try  of Econom ic A ffairs.
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